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CN ■ Abstract 

\ By using a second quantized formulation of level crossing, which does not assume 

Q ' adiabatic approximation, a convenient formula for geometric terms including off- 
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diagonal terms is derived. The analysis of geometric phases is reduced to a simple 
psj I diagonalization of the Hamiltonian in the present formulation. If one diagonalizes 

the geometric terms in the infinitesimal neighborhood of level crossing, the geometric 
phases become trivial for any finite time interval T. The topological interpretation 
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■ °f Berry's phase such as the topological proof of phase-change rule thus fails in the 

practical Born-Oppenheimer approximation, where a large but finite ratio of two 
time scales is involved. 

The geometric phases are mostly defined in the framework of adiabatic approxima- 
tion [l]-[6], though a non-adiabatic treatment has been considered in, for example, [7] 
and the (non-adiabatic) correction to the geometric phases has been analyzed [8]. One 
may then wonder if some of the characteristic properties generally attributed to the geo- 
metric phases are the artifacts of the approximation. We here show that the topological 
properties of the geometric phases associated with level crossing are the artifacts of the 
adiabatic approximation which assumes the infinite time interval T — ► oo [2]. To sub- 
stantiate this statement, we start with the exact definition of geometric terms associated 
with level crossing. The level crossing problem is neatly formulated by using the second 
quantization technique without assuming adiabatic approximation. The analysis of phase 
factors in this formulation is reduced to a diagonalization of the Hamiltonian, and thus it 
is formulated both in the path integral and in the operator formulation. We thus derive 
a convenient formula for geometric terms [1] and their off-diagonal counter parts. (As 
for off-diagonal geometric phases, see [9] where the off-diagonal geometric phases in the 
framework of an adiabatic picture in the first quantization have been proposed, and their 
properties have been analyzed in [10, 11, 12].) Our formula allows us to analyze the 
topological properties of the geometric terms precisely in the infinitesimal neighborhood 
of level crossing. At the level crossing point, the conventional energy eigenvalues become 
degenerate but the degeneracy is lifted if one diagonalizes the geometric terms. It is then 
shown that the geometric phases become trivial (and thus no monopole singularity) in the 
infinitesimal neighborhood of level crossing for any finite time interval T. This is proved 
independently of the adiabatic approximation. The topological interpretation [3, 1] of geo- 
metric phases such as the topological proof of Longuet-Higgins' phase-change rule [4] thus 
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fails for any finite T such as in the practical Born-Oppenheimer approximation, where a 
large but finite ratio of two time scales is involved. In practical physical applications of 
geometric phases, finite T is always relevant and our analysis implies that the widely used 
terminology of "topological phases" for the geometric phases should be taken with great 
care. 

We start with the generic (hermitian) Hamiltonian 

H = H$,S,X(t)) (1) 

for a single particle theory in a slowly varying background variable X(t) = (Xi(t), X 2 (t), ...) 
The path integral for this theory for the time interval < t < T in the second quantized 
formulation is given by 

Z = J Vip*Vip exp{^ £ dtd 3 x[ip*(t,x)ih^(t,x) 

-r(t,x-)H(i>,x-,X(t))ij(t,x)}}. (2) 

We then define a complete set of eigenfunctions 

H(p,S,X(0))u n (x,X(0)) = X n u n (x,X(0)), 

J d 3 xu* n (x, X(0))u m (x, X(0)) = 5 nm , (3) 

and expand ip(t,x) = J2 n a n{t)u n {x, X(0)). We then have Vip*Vi/j = Y\ n T>a^Da n and the 
path integral is written as 

Z = Jl[Va* n Va n e W {^£ dt[J2 a* n (t)ih^a n (t) 

-Y.<m nm {X{t))a m (t)]} (4) 

n,m 

where 

E nm {X{t)) = J d 3 xu* n (x,X(0))Htf/x,X(t))u m (x,X(0)). (5) 
We next perform a unitary transformation a n = U(X(t)) nm b m where 

U(X(t)) nm = J d 3 xu* n (x, X(0))v m (x, X(t)) (6) 

with the instantaneous eigenfunctions of the Hamiltonian 

H$,S,X(t))v n (x,X(t)) = £ n (X(t))v n (x,X(t)), 

J d 3 xv* n (x,X(t))v m (x,X(t)) = 6 n , m . (7) 

We emphasize that U(X(t)) is a unit matrix both at t = and t = T if X(T) = X(0), 
and thus {a n } = {b n } both at t — and t = T. We take the time T as the period of the 
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slow variable X(t). We can thus re- write the path integral as 



Z = j J] Vb*Vb n exp{^ J* dt[^2 K(t) ih §i b n(t) 

+ E^(0(n|*4l"»>M*)-E6»(*)^W0)6»(*)]} (8) 

n,m ^ n 

where the second term in the action stands for the term commonly referred to as Berry's 
phase[l](in the interpretation of the phase as dynamical [8]) and its off-diagonal counter 
part. The second term is defined by 

(U(t)Uh-U(t)) nm = jd 3 xv*(x,X(t))ih-v m (x,X(t)) 

d 

= (n\ih—\m). (9) 

In the operator formulation of the second quantized theory, we thus obtain the effective 
Hamiltonian (depending on Bose or Fermi statistics) 

H eff (t) = E 6 i(*)£»(^(*))6»(*)-E 6 i(*)(n|^l"»>MO (10) 

n n,m 

with [b n (t), ^(OIt = &n,m- Note that these formulas (4), (8) and (10) are exact. The off- 
diagonal geometric terms in (10), which are crucial in the analysis below, are missing in 
the usual adiabatic approximation in the first quantization 1 . In our picture, all the phase 
factors are included in the Hamiltonian, and for this reason, the terminology "geometric 
terms" is used for the terms in the Hamiltonian and the " geometric phases" is reserved 
for the geometric terms when they are explicitly interpreted as the phase factors of a 
specific state vector. 

We are mainly interested in the topological properties in the infinitesimal neighborhood 
of level crossing. We thus assume that the level crossing takes place only between the 

*It is possible to show that 

(n\T*cxp{-(i/h) f dtn eff (t)}\n) 
Jo 

= (n(T)\T* exp{-(*/ft) / dtH&a,X(t))}\n{0)) 
Jo 

where T* stands for the time ordering operation. The state |n) on the left-hand side is defined by &^(0)|0) 
whereas |n(0)) and \n(T)) on the right-hand side are defined by the eigcnfunctions of H(p,x, X(t)). We 
defined the Schrodinger picture by 



n eff (t) = u(t^H eff (t)u(t) 

= bl{Q)£ n {X{t))b n {Q) *J.(0)Hi&^ 

n n,m 

by introducing U(t), ih^U(t) = -H eff (t)U(t), with U(0) = 1. 
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lowest two levels, and we consider the familiar idealized model with only the lowest two 
levels. This simplification is expected to be valid for the analysis of the issues we are 
interested in. The effective Hamiltonian to be analyzed in the path integral (4) is then 
defined by the 2x2 matrix h(X(t)) = (E nm (X (t))) . If one assumes that the level crossing 
takes place at the origin of the parameter space X(t) = 0, one needs to analyze the matrix 

h(X(t)) = (E nm (0)) + ^£ nm (0)j X k (t) (11) 

for sufficiently small (Xi(l), ^(1), ...). By a time independent unitary transformation, 
which does not induce a geometric term, the first term is diagonalized. In the present 
approximation, essentially the four dimensional sub-space of the parameter space is rel- 
evant, and after a suitable re-definition of the parameters by taking linear combinations 
of X k (t), we write the matrix as [1] 

m = ( £ <™ m l mit) ) +s ^) d2) 

where a 1 stands for the Pauli matrices, and g is a suitable (positive) coupling constant. 
The above matrix is diagonalized in a standard manner 

h(X(t))v ± (y) = (E(0) + y (t) ± gr)v±(y) (13) 

where r = \jy\ + y\ + y\ and 

, v / cosfe-^ \ / \ ( sinfe-^ \ .... 

V+ W = [ sinf J' V -W=[ - cos | J ^ 

by using the polar coordinates, y± — r sin 6 cos ip, t/2 — r sin 8 sin tp, y 3 = r cos 9. Note 
that v±(y(0)) = v±(y(T)) if y(0) = y(T) except for (y 1 ,y 2 ,y3) = (0,0,0), and 9 = or vr. 
If one defines 

d 

vLW-Qpniy) = Ak mn(y)yk (15) 

where m and n run over ±, we have 



Ak , \ ■ (1 + cos 6*) 
A k ++ (y)y k = ± L 
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,, , , 1 — cos 9 , . 

A k __(y)Vk = g ^ (16) 

The effective Hamiltonian (10) is then given by 

H eff (t) = (E(0)+y o (t)+gr(t))b\.b + 

+ (E(0) + yo(t) - gr(t))blb- - ft£ b\ n A k mn (y)y k b n . (17) 

m,n 
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In the conventional adiabatic approximation, one approximates the effective Hamilto- 
nian (17) by 

H eff (t) ~ (E(0) + y (t) + gr(t))b{b + 
+(E(p)+y (t)-gr(t))btb- 

-h[blA k ++ (y)y k b + + blA k __(y)y k b-] (18) 

which is valid for Tgr(t) ^> hit, the magnitude of the geometric term. The Hamiltonian 
for 6_, for example, is then eliminated by a "gauge transformation" 

&_(*) = exp{-(i/h) f dt[E(0) + y (t) - gr(t) - hA k __{y)y k ]}b-{t) (19) 
Jo 

in the path integral (8), and the amplitude (0|?/>(T)&1(0)|0), which corresponds to the 
probability amplitude in the first quantization, is given by (up to a wave function 4>e(x)) 

rp 

exp{-^ jf dt[E(0) + y (t) - grit) - hA k __(y)y k ]} 

xv4y(T))(0\b4T)bU0)\0) (20) 

with (0|6_(T)6t.(0)|0) = 1. For a 2n rotation in tp with fixed 9, for example, the geometric 
term gives rise to the well-known factor exp{m(l — cos#)} by using (16) [1]. The correc- 
tions to the phase due to the finite 1/T may be evaluated by an iterative procedure [8], 
for example. 

Another representation, which is useful to analyze the behavior near the level crossing 
point, is obtained by a further unitary transformation b m = U(9(t)) mn c n where m,n run 
over ± with 

U{9{t))=( C 2l "l n jV (21) 



sin 2 cos 



and the above effective Hamiltonian (17) is written as 

H eff (t) = (E(0) +yo(t) +gr cos 9)c ] + c+ 
+(E(0) + y (t) - gr cos 9)clc_ 

—gr sin #c+c_ — gr sin #cLc + — fapc\c + . (22) 

In the above unitary transformation, an extra geometric term —U '(0)1 ~iTid t V (9) is induced 
by the kinetic term of the path integral representation (8). One can confirm that this 
extra term precisely cancels the term containing 9 in 6J n A^ in (y)yfc6 n as in (16). We thus 
diagonalize the geometric terms in this representation. We also note that U(9(T)) = 
U(9(0)) if X(T) = X(0) except for the origin, and thus the initial and final states receive 
the same transformation in scattering amplitudes. 

In the infinitesimal neighborhood of the level crossing point, namely, for sufficiently 
close to the origin of the parameter space (2/1 (t) , 3/2 (*) , 2/3 (*) ) but 2/2(2), 2/3 (*)) 7^ 

(0,0,0), one may approximate (22) by 

H eff (t) ~ (E(p)+yo(t)+grcos9)clc+ 

+(E(0) + y (t) - gr cos 9)clc^ - h(pc\_c + . (23) 
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To be precise, for any given fixed time interval T, Tfvp ~ 2tcK which is invariant under 
the uniform scale transformation yk(t) — > «/&(£). On the other hand, one has Tgrsm.9 — > 
Tegr sin # by the above scaling, and thus one can choose Tegr <C ft. The terms ±gr cos 
in (23) may also be ignored in the present approximation. 

In this new basis (23), the geometric phase appears only for the mode c + which 
gives rise to a phase factor exp{i j c (pdt} = exp{2i7r} = 1, and thus no physical effects. 
In the infinitesimal neighborhood of level crossing, the states spanned by (&+,&_) are 
transformed to a linear combination of the states spanned by (c+, c_), which give no non- 
trivial geometric phases. The geometric terms are topological in the sense that they are 
invariant under the uniform scaling of yk(t), but their physical implications in conjunction 
with other terms in the effective Hamiltonian are not. For example, starting with the state 
6_ (0) 1 0) one may first make r — > small with fixed 6 and ip, then make a 2n rotation in 
ip in the bases c±|0), and then come back to the original r with fixed 6 and ip for a given 
fixed T; in this cycle, one does not pick up any non-trivial geometric phase even though 
one covers the solid angle 27r(l — cos 9). The transformation from b± to c± is highly 
non-perturbative, since a complete rearrangement of two levels is involved. 

It is noted that one cannot simultaneously diagonalize the conventional energy eigen- 
values and the induced geometric terms in (17) which is exact in the present two-level 
model (12). The topological considerations [3, 1] are thus inevitably approximate. In this 
respect, it may be instructive to consider a model without level crossing which is defined 
by setting 

y 3 = AE/2g (24) 

in (17), where AE stands for the minimum of the level spacing. The geometric terms 
then loose invariance under the uniform scaling of y\ and y<i . In the limit 

^yl + yl » A£/2s, (25) 

(and thus — > 7r/2), the geometric terms in (17) exhibit approximately topological be- 
havior for the reduced variables (2/1, 2/2) • Near the point where the level spacing becomes 
minimum, which is specified by 

(2/1,2/2) — (0,0) (26) 

(and thus 6 — > 0), the geometric terms in (17) assume the same form of the geometric 
term as in (23). Our analysis above shows that the model with level crossing exhibits 
precisely the same topological properties for any finite T. 

It is instructive to analyze an explicit example in Refs. [13, 14] where the following 
parametrization has been introduced 

(2/1,2/2,2/3) = (-B (61 +<x®ut),B $mu)t,B z ) (27) 

and g — /jl. The case b\ = and B z ^ corresponds to the model without level crossing 
discussed above, and the geometric phase becomes trivial for Bq — > 0. The case b\ = B z = 
describes the situation in (23), namely, a closed cycle in the infinitesimal neighborhood 
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of level crossing for B — > with T = 2tt/u kept fixed, and the geometric phase becomes 
trivial. On the other hand, the usual adiabatic approximation (18) (with 9 = n/2 in the 
present model) in the neighborhood of level crossing is described by b\ = B z = and 
B — > (and uj — > 0) with 

fiBo/hu > 1 (28) 

kept fixed, namely, the effective magnetic field is always strong; the topological proof of 
phase-change rule [3] is based on the consideration of this case. It should be noted that 
the geometric phase becomes trivial for B — > with b\ = B z = and 

piB /hw < 1 (29) 

kept fixed. (If one starts with b\ = B z = and uj = 0, of course, no geometric terms.) It 
is clear that the topology is non-trivial only for a quite narrow (essentially measure zero) 
window of the parameter space (B , uj) in the approach to the level crossing B — > 0. In 
this analysis, it is important to distinguish the level crossing problem from the motion of 
a spin 1/2 particle; the wave functions (14) are single valued for a 2ir rotation in <p with 
fixed 9. 

The path integral (4) , where the Hamiltonian is diagonalized both at t — and t — T if 
X(T) = X(0), shows no obvious singular behavior at the level crossing point. On the other 
hand, the path integral (8) is subtle at the level crossing point; the bases {v n (x, X(t))} 
are singular on top of level crossing as in (14), and thus the unitary transformation U to 
(8) and the induced geometric terms become singular there. The present analysis suggests 
that the path integral is not singular for any finite T, as is expected from (4). We consider 
that this result is natural since the starting Hamiltonian (1) does not contain any obvious 
singularity. 

The conventional treatment of geometric phases in the (precise) adiabatic approxima- 
tion is based on the premise that one can choose T sufficiently large for any given e ~ r 
such that 

Tgt > k, (30) 

and thus T — > oo for e — > 0, namely, it takes an infinite amount of time to approach the 
level crossing point [1, 2]. Finite T may however be appropriate in practical applications, 
as is noted in [1]. Because of the uncertainty principle TAE > jh, the (physically mea- 
sured) energy uncertainty for any given fixed T is not much different from the magnitude 
of the geometric term 27rh, and the level spacing becomes much smaller than these values 
in the infinitesimal neighborhood of level crossing for the given T. An intuitive picture 
behind (23) is that the motion in (p smears the "monopole" singularity for arbitrarily 
large but finite T. 

The notion of Berry's phase is known to be useful in various physical contexts [15]-[16], 
and the topological considerations are often crucial to obtain a qualitative understanding 
of what is going on. Our analysis however shows that the geometric phase associated with 
level crossing becomes topologically trivial in practical physical settings with any finite 
T. This is in sharp contrast to the Aharonov-Bohm phase [7] which is induced by the 



7 



time-independent gauge potential and topologically exact for any finite time interval T. 
The similarity and difference between the geometric phase associated with level crossing 
and the Aharonov-Bohm phase have been recognized in the early literature [f, 7]. Also, 
the correction to the geometric phase in terms of the small slowness parameter e has 
been analyzed, and the closer to a degeneracy a system passes the slower is the necessary 
passage for adiabaticity has been noted in [8]. But, to our knowledge, the fact that 
the geometric phase becomes topologically trivial for practical physical settings with any 
fixed finite T, such as in the practical Born-Oppenheimer approximation where a large 
but finite ratio of two time scales is involved, has not been clearly stated in the literature. 
We emphasize that this fact is proved independently of the adiabatic approximation. 

The notion of the geometric phase is useful, but great care needs to be exercised as to 
its topological properties. 
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